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(Revisit DHS 2.6) 

 

Examples: Bayes Minimum Error for Normal Density  

Given: p(x|Sk)=N(x,mk,k) 

=
 2/12/ ||)2(

1

k
N

exp{-1/2(x-mk)Tk
-1(x-mk)} 

That is the likelihood is normal! 

 

Want to maximize p(x|Si)P(Si) 

 

Choose gi(x)=ln[p(x|Si)P(Si)]=ln p(x|Si)+ln P(Si)          <- DHS p. 36 Eq. (48) 

 

gi(x)=-1/2ln|i|-1/2(x-mi)Ti
-1(x-mi)+lnP(Si) (B1) 

 

Note if |1|=|2|=... 

And P(S1)= P(S2)=… then       <- called uniform priors 

gi(x)=-(x-mi)Ti
-1(x-mi)  <- assign x to the closest mean of the class 

 minimum Mahalanobis distance to class means classifier. 

 

 

 

 

 

 

 

 

 

 

 

 

Comments 

- Include lnP(Si) term => decision surface shifts to favor class with larger P(Si). 

- -1/2ln|i| term incorporates differing ellipsoids form one class to another. 

 

 

gi(x)=-1/2ln|i|-1/2dM
2(x,mi)+lnP(Si)         (B1 again) 
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[REVIEW] 

 

Let’s go back to Case 1, 2, and 3 again. 

 

Case 1: (Revisit DHS 2.6.1) 

- Features are statistically independent 

- Each feature has the same variance 2 

 

i=2I  

dM
2(x,mi)=1/2 dE

2(x,mi) 

|i|=||=independent of i 

gi(x)=-1/(22)(x - mi)T(x - mi) + lnP(Si) 

 

gi(x)= 1/(22)(2xTmi - mi
Tmi) + lnP(Si)        we can drop xTx since same for all i 

 

Note: it’s linear: gi(x)=w(i)Tx+w(i)
N+1 

 

w(i)=?                              w(i)
N+1=?  

 

Minimum Euclidean distance to class means except favors classes with higher a priori 

probability. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Review Fig. 2.10 & Fig. 2.11 again. 
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Case 2: (DHS 2.6.2) 

i=       Same for different classes 

dM
2=hyperellipsoid 

gi(x)=-1/2 (x - mi)T-1(x - mi) + lnP(Si) 

dM=constant surfaces are identically hyperellipsoids 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 classifier is linear 

gi(x)=w(i)Tx+w(i)
N+1 

 

w(i)=?                              w(i)
N+1=?  

 

 

 

 

Review Fig. 2.12 again. 
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Case 3 (DHS 2.6.3) 

i=arbitrary 

dM
2(x,mi)=different for each class Si 

 

xTi
-1x does not drop out. 

 gi are not linear. 

 

Hyperquadractic decision surface (polynomials of degree 2) 

 

Can express as: gi(x)=xTW(i)x + w(i)Tx + w(i)
N+1    (B2) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Hyperquadractic decision surface  

Hyperellipsoid 

Hyperhyperboloid 

Hyperparaboloid 

Hypersphere 

 

 Revisit Fig. 2.14, Fig. 2.15, and Fig. 2.16 
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How to calculate W(i) and w(i) for (B2) 

 

gi(x)=-1/2ln|i|-1/2(x-m)T i
 -1(x-mi)+lnP(Si) 

= -1/2xTi
-1x + 1/2[xTi

-1mi + mTi
-1x] + (constant of x terms) 

 

1/2[xTi
-1mi + mi

Ti
-1x]=1/2[(i

-1mi)Tx + mi
Ti

-1x] 

=1/2[(i
-1mi)Tx + (i

-1mi)Tx] 

=(i
-1mi)Tx 

 

gi(x)=xT[-1/2i
-1]x + [i

-1mi]Tx + (constant of x terms) 

 

General Bayes minimum error, normal densitites: 

 

gi(x)=xTW(i)x + w(i)Tx + wN+1
(i) 

 W(i)=-1/2i
-1 (DHS p. 41 Eq. (67)) 

w(i)= i
-1mi  (DHS p. 41 Eq. (68)) 

wN+1
(i)=-1/2ln| i| -1/2mi

Ti
-1mi  + ln P(Si) (DHS p. 41 Eq. (69)) 
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Example 1 (DHS p. 44) 

 

 
 

 


